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EQUIVALENCE RELATIONS INDUCED BY
ACTIONS OF POLISH GROUPS

SLAWOMIR SOLECKI

ABSTRACT. We give an algebraic characterization of those sequences (H,) of
countable abelian groups for which the equivalence relations induced by Borel
(or, equivalently, continuous) actions of Hyx H| x H, x--- are Borel. In partic-
ular, the equivalence relations induced by Borel actions of H“, H countable
abelian, are Borel iff H ~ @p(Fp x Z(p™)"), where F, is a finite p-group,
Z(p*>) is the quasicyclic p-group, n, € w, and p varies over the set of all
primes. This answers a question of R. L. Sami by showing that there are Borel
actions of Polish abelian groups inducing non-Borel equivalence relations. The
theorem also shows that there exist non-locally compact abelian Polish groups
all of whose Borel actions induce only Borel equivalence relations. In the pro-
cess of proving the theorem we generalize a result of Makkai on the existence
of group trees of arbitrary height.

1. INTRODUCTION
Let G be a group actingonaset X. Putfor x,ye X
xElye3dgeGgx=y.

Then EX C X x X is an equivalence relation and is called the eguivalence
relation induced by the action of G on X. If G is Polish, X is a standard
Borel space, and the action of G is Borel, then E} is Z!. If additionally G
is locally compact, then E¥ is Borel. By Silver’s theorem, it follows that the
topological Vaught conjecture holds in this case; i.e., the action of G has either
countably or “perfectly” many orbits. It was proved by R. L. Sami [S, Theorem
2.1] that the topological Vaught conjecture holds for Borel actions of abelian
Polish groups. The proof, however, was different from the one in the locally
compact case; in particular, it did not show that EX was Borel for G Polish
abelian.

The natural question was raised by Sami (see [S, p. 339]) whether E} is
Borel for all Borel (or, equivalently, continuous if X is a Polish space, see [BK])
actions of Polish abelian groups. We answer this question in the negative. We
consider groups of the form Hy x H, x H, x --- where the H,’s are countable.
Such groups are equipped with the product topology (each H, carrying the
discrete topology) which is Polish and compatible with the group structure. We
fully characterize those sequences (H,) of countable abelian groups for which
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all Borel actions of Hy x H; x H, x --- induce Borel equivalence relations.
This happens precisely when all but finitely many of the H,’s are torsion and,
for each prime p, for all but finitely many »n’s the p-component of H, is of
the form F x Z(p>)™, where F is a finite p-group, Z(p>) is the quasicyclic
p-group (ie., Z(p>®) ~ {z € C:3n z*" = 1}), and m € w. In particular,
if H, = H,n € w, and H is countable abelian, then all Borel actions of
HxH x H x--- induce Borel equivalence relations iff H ~ @ ,(F, x Z(p>)"),
where F, is a finite abelian p-group, n, € w, and p varies over the set of
all primes. Thus, e.g., the group Z x Z x Z x --- is abelian, Polish, and has
a Borel action which induces a non-Borel equivalence relation. This answers
Sami’s question. On the other hand, Z(2%°) x Z(2%°) x Z(2*°) x --- provides an
interesting example of a Polish abelian group which is not locally compact but
whose Borel actions induce only Borel equivalence relations. This shows that
the implication “ G locally compact = E'G" Borel” cannot be reversed. Some
results for non-abelian H,, ’s are also obtained.

Now, we state some definitions and establish notation. By @ we denote the
set of all natural numbers {0, 1, 2, ...}. Ordinal numbers are identified with
the set of their predecessors; in particular n = {0, 1, ..., n—1},for n € w. By
Z,Z(p), Z(p>), p a prime, we denote the group of integers, the cyclic group
with p elements, and the quasicyclic p-group, respectively. By e we denote the
identity element of a group and by (X), for a subset X of a group, the subgroup
generated by X . We write (h) for ({h}). If H is a group, @, H stands for
the direct sum of countably many copies of H. A group H is called p-compact
if for any decreasing sequence of groups G < Z(p) x H with #n[G,] = Z(p),
for each k € w, we have #[(\, ¢, Gx] = Z(p) where n: Z(p) x H — Z(p) is the
projection. If H is an abelian group and p is a prime, by the p-component of
H we mean the maximal p-subgroup of H .

For a sequence of sets (H,), n € w, we write

H'=Hyx---xH,oy, H=|JH", and H°=HyxH; x--.
new
We also write A% for the product of infinitely many copies of 4. If x € H®,
put [hx =w;if 0 € H",some n€ w,put lhd =n. For 6 € H<® and x €
H<®UHY , we write gxx for the concatenation of ¢ and x. If x € H<YUH®
and X C w, we write x|X for the unique element y € H<® U H® such that
the domain of y is w, if X N/hx is infinite, and n, if X N/Ax is finite and
has n elements, and y(i) = x (the (i+ 1)th element of X). A set S C H<® is
called a tree on (H,) if 0 € S implies gjn € S forany n < lh(s). If S isa
treeon (H,) and 6 e H<“,put S, ={tr€ H®: g1 € S}. Foratree S on
(Hn), H, countable, define S’ = {gd € S: 3t € S 0 C 7, 0 # 7} . By transfinite
induction define, for f# € w;,S° =S and S = (§?) if B =y +1, and
St = N,<pS? if B is limit. Put ht(S) = min{A: S8 = SF+'} . For g € H<?,
put rs(c) = min{B € w;: g g€ S} if there exists f < w, with ¢ ¢ S#, and
rs(o6) = w;, otherwise. If there is no danger of confusion, we will omit the
subscript in rs. A tree on (H,) is well-founded if there is no sequence g; € S,
i € w, such that g; C g;,; and lh(g;) — 00 as i — co. Now, assume that the
H,’s are groups. The identity element (e, e,...) of H? is denoted by €. A
tree S on (H,) is called a coset tree if SN H" is a left coset of a subgroup of
H" for any n € w; ie., if g1, 02, 05 € SNH", then 0,0, '3 € S. A coset
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tree S is called a group tree if SN H" is a subgroup of H” for any n € w.
The notion of a group tree was introduced by Makkai in [M] and rediscovered
by the author. We say that (H,) admits group (coset) trees of arbitrary height
if, for any B < w,, there is a group (coset) tree T on (H,) with ht(T) > 8.
Let S be a coset tree on a sequence of groups (H,). Then for each n € @
there is a unique subgroup G, of H" which SN H" is a coset of. We actually
have G, =0~ !(SNH") for any 6 € SN H". Define

a(S) = | Ga.
new
Thus o(S) = U,e, 05 | (SNH") where 0, € SNH" if SNH" # @ and 0, =e¢
otherwise. It is easy to see that «(S) is a group tree.

2. MAIN RESULTS

Theorem 1. Let (H,) be a sequence of countable abelian groups. Then the
equivalence relation induced by any Borel action of H® is Borel iff, for all but
finitely many n, H, is torsion, and for all primes p for all but finitely many n
the p-component of H, is of the form F x Z(p>®)*, where k € w and F isa
finite abelian p-group.

If H is countable, abelian, and torsion, then H = ®p H,, where p ranges
over the set of all primes, and H, is the p-component of H (see [F]). Thus
we get the following corollary.

Corollary. Let H be an abelian countable group. Then the equivalence relations
induced by Borel actions of H® are Borel if and only if H is isomorphic to
@, (Fp x Z(p*™)"), where p ranges over the set of all primes, n, € w, and F,
is a finite abelian p-group.

For not necessarily abelian countable groups, we have the following version
of one implication from Theorem 1. (The definition of p-compactness is for-
mulated in the introduction.)

Theorem 2. Let (H,) be a sequence of countable groups. If for each prime p, for
all but finitely many n, H, is p-compact, then the equivalence relations induced
by Borel actions of H® are Borel.

It is an open question whether the converse of Theorem 2 holds. This would
be a natural extension of Theorem 1, since, as we show in Lemma 9, a countable
abelian group is p-compact iff it is torsion and its p-component has the form
as in Theorem 1.

Some of the ingredients of the proofs are: the theorem of Becker and Kechris
[BK] on the existence of universal actions, the structure theory for countable
abelian groups, and a construction of group trees of arbitrary height. It turns out
that both conditions in Theorem 1 are equivalent to (H,) not admitting group
trees of arbitrary height (Lemma 12). This generalizes the known results that
the sequence (H,), H, = Z for each n € w, admits group trees of arbitrary
height (Makkai [M, Lemma 2.6]), and that the sequence (H,), H, = @, Z(2)
for each n, admits group trees of arbitrary height (Shelah [M, Appendix]). (See
also [L, p. 979] for a proof of the latter result and its generalizations to groups
which are direct sums of k¥ many copies of Z(2) for certain cardinals x.) The
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known proofs in the above two cases—Z and @, Z(2)—were different from
each other, and Makkai’s construction for Z rested on Dirichlet’s theorem on
primes in arithmetic progressions. We present a construction (Lemma 10) that
encompasses both these cases and is purely combinatorial.

Here is how Theorems 1 and 2 follow from the lemmas in Sections 3-5. In
Section 3, we prove that all Borel actions of H®, (H,) a sequence of countable
groups, induce Borel equivalence relations iff (H,) does not admit well-founded
coset trees of arbitrary height (Lemma 2). In Section 4, we show that (H,) does
not admit well-founded coset trees of arbitrary height iff it does not admit group
trees of arbitrary height (Lemma 6). Then, in Section 5, we show that if for
each prime p, for all but finitely many n, H, is p-compact, then (H,) does
not admit group trees of arbitrary height (Lemma 8). This proves Theorem 2.
Next, we prove that if (H,) is a sequence of abelian groups, then (H,) does
not admit group trees of arbitrary height iff, for all but finitely many n, H, is
torsion and, for all primes p, for all but finitely many », the p-component of
H, has the form as in Theorem 1 (Lemma 12). This proves Theorem 1.

3. GROUP ACTIONS AND COSET TREES

The following construction is from [BK]. Let G be a Polish group. Consider
F (G) the space of all closed subsets of G with the Effros Borel structure, i.e.,
the Borel structure generated by sets of the form {F € F(G): FNV # o}
for V c G open. Put Z; = ¥ (G)?, and define the following G-action on
Us: (g, (Fn) — (8Fn).

Theorem (Becker-Kechris [BK]). %; with the above G-action is a universal
Borel G space;, i.e., if X is a standard Borel space on which G acts by Borel
automorphisms, then there is a Borel injection n: X — %; such that n(gx) =
gn(x) for ge G and x€ X.

Let X be a standard Borel G-space. Let n: X — %Z; be a Borel injection
whose existence is guaranteed by the above theorem. Then, for x,y € X, we
have

xE¥y & n(x)E%n(y).
This shows that the following corollary to the theorem above is true.

Lemma 1. Let G be a Polish group. The relation induced by any Borel G-action
is Borel iff the relation induced by the G-action on %g is Borel.

Lemma 2. Let (H,) be a sequence of countable groups. The equivalence relation
induced by any Borel H“-action is Borel iff (H,) does not admit well-founded
coset trees of arbitrary height.

Proof. Let J be the family of all trees on (H,). The set J is a Polish
space with the topology generated by sets of the form {T € S :0 € T} and
{TeT:0¢T} for 0 € H®.

(<) By Lemma 1, it is enough to prove that the H”-action on . induces
a Borel relation. Let ., be the family of all pruned trees on (H,), i.e., trees
with no finite branches, with the topology inherited from . . This topology
makes ., a Polish space. The mapping ¢: 9, — & (H®) given by ¢(T) =
{x € H®:Vn € w x|n € T} is a Borel isomorphism. For x € H® and T € 9,
define

xT ={oc € H“: o € x|m(T n H™) where m = lh(c)}.
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Then easily xT € J,. Also ¢(xT) = x¢(T). Thus it is enough to check
that the following action of H“ on ,“ induces a Borel equivalence relation:
(x, (Tn)) = (xTy), for x € H*, (T,) € 7,°.

Now define ®: 9, x 9, - by

(T,S)={0€ H®: TNnH™ =a(SN H™) where m = lh(o)}.
Easily ®(T, S) is a coset tree. Define the mapping ¥: 7,“ x 7, - J by

‘Y((Tn) ’ (Sn)) = n <I)(Tn s Sn)-

new

Note that the intersection of a family of coset trees is a coset tree. Thus, for
any (Ty), (Sx) € 7,%, ¥((Tn), (Sn)) is a coset tree. Also note that

(T, ,,)E,?: (Sn) @ Y((T,), (S,)) is not well-founded.

Indeed, if g C o), C--- , lh(6;) = 0, and g, € ¥((T,), (S»)), then xS, =T,
for each n € w where x = ;¢ 0:. If xS, =T, forall n € ® and some x €
H? , then x|i € ¥((T»), (S»)) and {x|i: i € w} witnesses that ¥((T,), (S»))
is not well-founded. Clearly ¥ is a Borel mapping. Thus, if we assume that
there is § € w, such that any well-founded coset tree on (H,) has height < 8,
we get

Ty x T\EZ, =W~'({T € I: T well-founded and ht(T) < B}).

But {T € 5 : T well-founded and ht(T) < 8} is Borel, whence Ez‘f is Borel.
(=) Assume (H,) admits well-founded coset trees of arbitrary height. De-
fine the following continuous action of H® on 5 :

(x, T)—»xT={0c € H“: g € xilm(T N H™) where m = lh(0)}.
Define a Borel function ®,: 9 x9 — I by
D(T,S)={0c € H®:Vm < lh(c) TNH™ =o|m(SN H™)}.

Now, if E7, is Borel, ®;[( x I )\EZ.] is Ei. Also ®,[(F x T)\Ef.] C
{T € I : T is well-founded}. Since {T € I : T is well-founded} is a IT} set
and T — ht(7T) is a II}-norm on it, by the boundedness principle, there is S €
w, such that, forany T,S € 7, if (T, S) € Ef,. , then ht(®,(T, S)) < B.
But note that if T is a coset tree, then ®,(T, (7)) = T . Thus, for any well-
founded coset tree T on (H,), ht(T) = ht(®(T, a(T))) < B, a contradiction.

4. COSET AND GROUP TREES

The next several lemmas lead to a proof that the existence of well-founded
coset trees of arbitrary height is equivalent to the existence of group trees
of arbitrary height (Lemma 6). We will use a few times the easy fact that
{r(c): 0 € T} Dht(T) for any tree T on (H,).

Lemma 3. Let S be a coset tree. Then:
(i) a(S’) =a(S);
(ii) if SSNH* # @ for each k € w, then a(S%) = a(S)*.
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Proof. To show (i), let ¢ € H". Then o € a(S’) implies that there are 7,, 7; €
S’ such that ¢ = 7;'t,. Nowwe can find g, h € H, with 7, xg, T, xh€S.
But then o *(g~'h) = (1, &)~ (12+h) € a(S) . Thus ¢ € a(S)’. On the other
hand, if ¢ € a(S)’, then there are g € H, and 7,, 7, € S with ‘tl_l‘tz =0gx*g.
But then g = (7,|n)~!(12|n) and 7,|n, 72|n € S’, whence o € a(S’).

Notice that if S, D S,+1, n € w, are coset trees, and, for some k € w,
Nrew(Sn N H*) # @, then a(Npew Sn) N H* =, ., a(S,) N H*. To see this,

new
pick 6 € N, Sn N H* . Then
a (ﬂ s,,) NHf=¢~! (ﬂ S,,nH") = () 67'(S. N HY)
new new new
= () a(S.) N H*.
new

Using (i) and the above observation, we get (ii) by transfinite induction.

Lemmad. Let T bea grouptree. Let 6, € H", n € w, be such that (6,,,|n)"' o,
€ T# for some B € w,. Put S = U,c, 0n(T N H"). Then S is a coset tree,
and for any € < B we have S¢ =, ., 0,(T* N H").

Proof. For & < B, define

new

SO = |J on(T* n HM).

new

In particular, S©© = S. First note that each S® is a coset tree. Indeed, if
m < n, then (o,|/m)"'6, € T°. This follows easily by induction from our
assumptions that it holds for n = m + 1 and the fact that 7% is a group tree.
To check that S©) is a tree, let T € T N H". Then, for m < n, (o,17)|m =
(0n|m)(z|m) = am(0;; ' (a|m)(t|m)) € S NH™ since (a;,'(0,|m))(z|m) € T¢N
H™. Thus S© is a tree, and because of the way it was defined, it is a coset
tree. It is obvious that o(S®) = T% and that g, € S® forany ne w,é< 8.

Now, we show by induction that, for ¢ < B, «(S%) = T¢ and g, € $¢
for each n € w. Both statements are true for £ = 0. If & is the limit and
g, € S¢ for all { < &, then clearly g, € S¢. By Lemma 3(ii), we also have
a(S%) = a(S)* = T¢. If & is a successor, say & = { + 1, then, by Lemma
3(i) and the induction hypothesis, we get a(S¢) = a(S*)’ = (T*)' = T¢. Since
Ons1 € 8%, Onyi|n € S¢. Since (Gn41|n)"'o, € T2 C T¢, we have o, =
(Gns11)((Ons1|n)~'a,) € S°.

Thus o(S®) = T¢ = o($%), i.e., foreach n € @, S® N H" and S*NH"
are left cosets of the same subgroup of H". Also (SYNH")N(S*NH") # 2,
as o, belongs to the intersection. Thus we get S©®) N H" = §¢ N H" for each
new,ie., S® =%,

Lemma 5. Let T be a group tree with ht(T) > w. Then there exist 6, € H"
such that:

(1) (a,,+1|n)"a,, €T,

(i) Upew n(T N H") is a well-founded tree of height < w-2.

Proof. We start with the following observation. Let K be a countable group
and let K,, n € w, be a strictly decreasing sequence of subgroups of K. Then
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there exist g, € K, n € w, such that g;'g,,; € K, and ,¢, 8K, =2. To
see that this is true, enumerate K = {k,: n € w} and pick g, € K recursively
so that g,, K, C €K, and k, & gns1Kns1 -

Now, assume that T is a group tree and ht(7) > w. Let gy be such that
r(6o) = w. Put ky = lh(cp)+1. Then {r(c): 0 € TNH*}Nw is cofinal in w.
Let p,: H" — H% , n > ky, denote the projection on the first k; coordinates.
Since {o € H*: r(o) > m} = py,+m[TNH**™], there is an increasing sequence
ko < my < my < my <--- such that p,, [T N H™+]# pp,, [T NH™] and,
obviously, pm,, [T N H™+'] C pm, [T NH™]. Pick 1, € H*, n € w, as in the
preceding paragraph for K, = p,, [T N H™], i.e.,

T Tn €Pm [TNH™] and [ ta(0m, [T NH™]) = 2.

n+l
new

We recursively construct ¢, € H", n € w, so that o, |k = 7, and
(Gns1|n)~'o, € T . First, find p, € H™ so that p,|lko = t, and (ppi1|mn)~'pn
€ T. For py take any extension of 7o in H™ . Now assume p, has been
constructed. Then 7! (p,lko) = 77}, 70 € Dm, [T N H™]. Let 6 € TN H™ be

n+1 n+1
such that 7}, (pnlko) = g|ko. Note that (p,a~"')|ko = Tn+1, and let p,,; be
an arbitrary extension of p,c~! in H™ . Now, put g, = p;|n if 0< n < myq
and /=0 orif m_,<n<m; and / >0.

We have 6., |ko = palko = T . Also (0n41|n)"'0, € T, ie., (i) is easy to see.
Put S = U,e,0n(T N H"). To check (ii), let o € SN H%. Pick the unique
k € w such that o € 4 (pm, [T N H™ )\ T411(Pm,,, [T N H™=+1]). Then for any
o' € S with ¢’ D o, we have lho' < my,,. Otherwise, ¢’ € 6,(T N H")
for some n > my,,, whence o = p,(d’) € t,(p,[T N H"]), a contradiction.
Thus rs(g) < w for any ¢ € SN H% . It follows that S is well-founded and
ht(S)<w+kp.

Lemma 6. Let (H,) be a sequence of countable groups. Then the following
conditions are equivalent:

(i) (H,) admits well-founded coset trees of arbitrary height;
(i1) (H,) admits coset trees of arbitrary height;
(iii) (H,) admits group trees of arbitrary height.

Proof. (i) = (ii) is obvious.

" (ii) = (iii). Note that if S C T are coset trees and S # T, then a(S) C
a(T) and a(S) # a(T). To see this, pick k € @ such that SN H* # T n H*
and ¢ € SNH*. Then o(S)NH* =6~ (SNH*) # 6~ (TN H*) = o(T)NH* .

Now, let S be a given coset tree. Define

y = min{min{&: 3k $°n H* = &}, ht(S)}.

Then, by Lemma 3(ii) and the above observation, we have a(S)* = a(S%) #
a(S%) = a(S)¢ for & < ¢ <y, whence ht(a(S)) > 7. But it is easy to see that
ht(S) < y + w. Thus (ii) = (iii) is proved.

(iii) = (i). Let T be a group tree of height > g + w. We show that
there is a well-founded coset tree of height > B. To this end consider T4 .
Then ht(T#) > w. Apply Lemma 5 to T# to find g, € H*, n € w, as in
Lemma 5(i) and (ii). Put S = {J,., 0,(T N H"). Then, by Lemma 4, S is

new
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a coset tree and S = ¢, 0(T# N H") # @. By Lemma 5(ii), S#+«"2 =
(Unew 0,(T? N H"))?'2 = . Thus S is a well-founded tree with ht(S) > 8.

5. GROUP TREES AND ALGEBRAIC PROPERTIES OF GROUPS

Lemma 7. Let H be a countable group. If H is not torsion, it is not p-compact
for any prime p.

Proof. Clearly, if a subgroup of H is not p-compact, neither is A . Thus it is
enough to show that Z is not p-compact. This is witnessed by the following
sequence of subgroups of Z(p) x Z:

Gi ={(m@p+1)mod p, m(p+ 1)¥): meZ}, keo.

Lemma 8. Let (H,) be a sequence of countable groups. If (H,) admits group
trees of arbitrary height, then there exist a prime p and infinitely many n € @
such that H, is not p-compact.

Proof. If, for infinitely many »n € w, H, is not torsion, we are done by Lemma
7. Also, if (H,) admits group trees of arbitrary height, so does (H,),>n for
any N € w. This follows from Lemma 6 as soon as we notice that if S is a
coset tree on (H,) and o € HY , then S, is a coset tree on (Hp)n>n , and that,
given B < w,, if ht(S) is large enough, then ht(S,) > B for some o € HV.
Thus, we can assume that H, is torsion for each 7, and that there exists a
group tree on (H,) of height > w?.

Let T be a group tree on (H,). Let p be a prime. Assume ¢ € T N
H", r(c) < w,, and the order of o is a power of p. Let § < r(g). Then there
is 7 D o such that r(7) = B and the order of 7 is a power of p. To see this, let
D0, 7 #0 and r(t') > B. Let | €  be such that p does not divide it and
the order of /7’ is a power of p. Since the order of ¢ is a power of p, there
is I’ € w such that /'lc =¢. Put 7, =!'lt". Note that 7, Do and 7, #07.
Since, for any y € w, and m € w, {t € TN H™: r(t) > y} is a subgroup of
H™ (this follows easily from the facts that {re TNH™: r(t) > y}=T"NH™
and that 77 is a group tree), r(t)) =r(l'lT)>r(t) > B. If r(t)) = B, we are
donme. If r(t,) > B, we repeat the above construction and get 7, O 7;, T2 # 71,
whose order is a power of p and r(1;) > B . Again, if r(7;) = B, we are done;
otherwise we repeat the construction. Note that we cannot do it indefinitely,
since then we would produce a sequence @ C 7T; C 72 C -+, Tm # Tm+l,
whence r(6) = w,, a contradiction. Thus we must obtain 7,, O ¢ such that
r(tm) = B and the order of 7, is a power of p.

Next, notice that if T € TNH", r(t) is a limit, and the order of 7 is a power
of p, p aprime, then H, is not p-compact. Indeed, let y;, k € w, be a strictly
increasing sequence of ordinals tending to (7). Put Gy = {c € TN H"! :
r(c) > y«}. Let m: H**! — H" be the projection. Notice that (G;) is a
decreasing sequence of subgroups of H"*! and 7 € (¢, T[G\7[Nie, Gkl
Let C =(1). Then C < H"” and C ~ Z(p™) for some m € w. Put G} =
G, N(C x H,). Let ¢: C — Z(p) be a surjective homomorphism. Let ® =
¢xid: CxH, — Z(p)x H, . Since ® is finite-to-1, ®[N; ¢, Gi] = Nkeo PLGL] -
Note also that '’ o ® = ¢ o & where n': Z(p) x H, — Z(p) is the projection.
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ol -~ (o)

But n[N¢, Gl # C whence z[N,¢, G;] C ker(¢). Thus ¢[n[N¢, Gl =

{0} and finally
4 Lﬂ <I>[G§c]] = {0}.
€w

Thus

On the other hand,

N 71@IGN=¢ | n[G'k]] = Z(p).
€w

kEw

Thus the decreasing sequence of groups ®[G}], k € w, witnesses that H, is
not p-compact.

Now, let T be a group tree on (H,) with ht(T) > w?. There exists a prime
p and o € T such that the order of ¢ is a power of p and w? < r(0) < w; .
To show this, first find 7 € T with r(t) = w?. The group G = (t) is cyclic and
finite. Thus there are a4y, 02, ...,0, € TN H", n = lh(t), which commute
with each other, their orders are powers of distinct primes and T =09 -Gy, .
Note that for each 0 < i < m there is kK € w with kTt = g;. Thus, since
{e € TNH": r(c) > w?} is a subgroup of H", r(6;) > w? forall 0<i<m.
Also {c e TNH": r(0) > w,} is a subgroup of H", thus there is i such that
r(o;) < w;, and we are done.

Now, fix the prime p and ¢ € T as above. Let N € w. We show that there
are more than N numbers n such that H, is not p-compact. Indeed, we
can recursively produce 7y, 7;,..., Ty € T so that ¢ C 79 and 7(7p) = w?,
T; C 741, the order of each 7; is a power of p,and r(1;)) =w-(N+1-1),
1 <i< N. Butthen if we put n; = lh(z;),weget np<n; <---<ny and Hy,,
is not p-compact since @w? and w-(N+1-1i), 1 <i< N, are limit.

In the following lemma, we essentially find all abelian countable groups which
are p-compact.

Lemma 9. Let H be an abelian countable group. Let p be a prime. Then the
Jfollowing conditions are equivalent.

(i) H is p-compact,

(ii) H is torsion, and the p-component of H is of the form F x Z(p>™)"
where F is a finite p-group and n€ w;

(iil) H is torsion, and there is no surjective homomorphism mapping a sub-
group of H onto @, Z(p).
Proof. (ii) = (i). Let Gy < Z(p) x H, k € w, Gy, < G¢, and 7[Gi] =
Z(p) where m: Z(p) x H — Z(p) is the projectin. Now, H = H, x H' and
G = (Gx)p x G}, where H, and (Gy), are the p-components of H and Gy,
respectively, and the order of any element of H' or Gj, is not divisible by p [F,
Theorem 8.4]. Clearly we have (Gy), < Z(p) x H,. We say that a group fulfils
the minimum condition if each strictly decreasing sequence of subgroups is
finite. Since, as one can easily see, Z(p>) and finite groups fulfil the minimum
condition, and the property of fulfilling the minimum condition is preserved
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under taking finite products, Z(p) x H, fulfils the minimum condition. Thus
there is ko € w such that (Gy), = (Gi,), for k > ko . But then

n Lﬂ Gk] =n|[)(Gu)px ) G;] > n[(Gy,)p % {O}]
Ew €w

k€w
= [(Gi,)p X Gl ] = 1[Gy,] = Z(D).

(i) = (iii)) . By Lemma 7, H is torsion. Note that if F; can be mapped by a
homomorphism onto F,, F;, F> groups, and F, is not p-compact, then F, is
not p-compact either. Indeed, let ¢: F; — F, be a surjective homomorphism,
and let the sequence (Gx) of subgroups of Z(p) x F, witness that F, is not
p-compact, then

Gy ={(m, g) € Z(p) x F: (m, ¢(g)) € Gi}
witness that F; is not p-compact. Thus to prove that H is not p-compact,
assuming (iii) fails, it is enough to show that @, Z(p) is not p-compact. Let
{ei: i € w} be an independent set generating @, Z(p). Let us fix a sequence
of sets X; C w, k € w, such that X, C X; and (¢, Xx = 2. Define
G < Z(p) x @D, Z(p) by
va = <{(m’ mei): i€ Xk ,MmE Z(p)})'

Then (Gy) witnesses that @, Z(p) is not p-compact.
(ili) = (ii). Assume (iii). Let H, be the p-component of H. Let H, =
Nrew nHp be its first Ulm group. If H,/H, is infinite, then

H,/H} =~ @ 2(0™)
mew

for a sequence n,, € w\{0} [F, Theorem 17.2 and remarks on p. 155]. Thus
H,/H; , and hence H,, can be mapped homomorphically onto @, Z(p). There-
fore H,/H, is finite. Put F = H,/H) . But then H} is divisible [F, Lemma
37.2]and Hp, ~ F x Hp' [F, Theorem 21.2]. Now, by [F, Theorem 23.1], either
H, ~ Z(p>)", for some n € w, and we are done, or H} ~ @, Z(p>). But in
the latter case H,} , and hence H, contain an isomorphic copy of @, Z(p), a
contradiction

Remark. (In this remark the notation and terminology follow [F].) One can
give other characterizations of p-compactness among countable torsion abelian
groups. For example p-compactness of H is equivalent to the following con-
ditions:

(iv) the p-component of H fulfills the minimum condition;

(v) for any finite p-group F < H the p-rank of H/F is finite.
Obviously (ii) = (iv), and (iv) = (i) as in the proof of (ii) = (i). Now,
assuming (iv) and noticing that a homomorphic image of a group fulfilling
the minimum condition fulfills the minimum condition, we get that the p-
component of H/F, F < H finite, fulfills the minimum condition. This
obviously implies that its p-rank is finite. Thus (iv) = (v). To see (v) = (ii),
let H, be the p-component of H. Let 7 be its Ulm type. First note that if 7 =
y+1, for some y,then H} /Hj} is finite. Otherwise, r,(H)/H;) = oo, and since
H, ~ H,/H; x H} , we get r,(H,) = co. Now, we claim that 7 is neither a limit
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ordinal nor a successor of a limit ordinal. Otherwise, using the above observa-
tion there is a sequence of groups G, < Hy/H;, n € w, such that G,y < G,
Gn41 # Gp and ()¢, G is finite. Put G =), G». Then we can pick recur-
sively g, € H,/H; sothat pg, € G and for each k thereisan n with g € G,
and g; € G, for i < k. Then clearly the image of {g;: kK € w} under the natu-
ral homomorphism H,/H; — (H,/H})/G is infinite independent. Again, since
H, ~ Hy/H} x H} , r,(H/G") = ry,(H,/G") = oo for some finite p-group G'.
Next, notice that 7 is not of the form y + 2 because in this case H}*' [Hj is
finite and r,(H)/H}*') = oo whence r,((H}/HF)/(H}™'/H})) = co. And as
before r,(H/G') = oo for some finite p-group G'. Thus 1< 1,andif t=1,
then H,/H} is finite. If 7 =0, H, is divisible, and since r,(H,) < oo, there
is n€w with H,~Z(p>)". If t=1,put F=H,/H}. Then H, ~ F x H}
F finite, H} divisible. Since r,(H}) < 0o, there is n € w with H) ~ Z(p*)".

Now, we make a technical definition useful in proving the existence of group
trees of arbitrary height. An abelian countable group H is called manageable if
there exist two decreasing sequences of subgroups (G?), (G}) with Nnew Gs =
{e},for i =0, 1, and ahomomorphism ¢: HxH — H such that §[GIxG.] =
H forany ne w.

Lemma 10. Let H be a countable abelian group. If H is manageable, then
(H,), where H, = H for each n € w, admits group trees of arbitrary height.

Proof. Fix two decreasing sequences of subgroups (G%) and (G)) and a homo-
morphism ¢ as in the definition of manageability. For each ordinal f < w,,
we produce a group tree T such that:

—if B=y+1,then TynH = H and Vh € H (h # e = (Tp), is
well-founded);

— if B islimit, then Vy < B 3n € w (TyNH* > G} xG,) and Vo € H? (0 #
(e, e) = (Tp), is well-founded). ,
Then clearly w; > rr, (k) > B for any A € H\{e} in the first case, and for
any y < B, w; > rr,(c) > y for some o € H?\{(e, e)} in the latter. Thus
ht(73) > B forany B € w,.

Put Ty = {€} and T, = HU{€}. Assume T, has been defined forall y < §.
If =7+ 1 and y is a successor, put

Tg={e}UHU{o(0)*x0:0€T,, lho > 1}.
If =y+1 and y is a limit, put
T; = the tree generated by {¢(c(0), o(1))*o: 0 € T;, lha > 2}.

Checking that the Tp’s work is straightforward. Now, assume g is a limit
ordinal. Note that it is enough to construct two group trees Sy and S; such
that there is an increasing sequence y, — B with S’nH D> GY and S]"nH > G}
and Vh € H (h # e = (So), and (S)), are well-founded). If Sy and S, are
defined, let

Ty ={0 € H“: 0|{2k: k € w} € Sy and o|{2k + 1: k € w} € S} }.

We will define a group tree S = Sy as above; the construction of §; is
analogous. Put GY = G,. Fix an increasing sequence of successors y, —
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B, n € . Find pairwise disjoint infinite sets X,, n € o, with |J,c, X» = .
Let

R,={2}u{hxo:heG,,0|X, €T, o|(w\X,) C€, and
if lhe > min X,,, then & = (d]|X,)(0)}.
Note that each R, is a group tree. Define

S=|J(Hn | Ra).

kew new

Easily S is a group tree. To see S N H D> G,, just notice that, for each
h € G, rr, (h) > yn, and there is a monotone 1-to-1 mapping y: (T,), — S
defined by y(g) = h x 1, where 7 € H<®? is maximal such that 7|X, = h*o
and 7|(w\X,) C €. To show that (S), is well-founded for h» € H\{e}, fix
h € H with h # e, and assume towards a contradiction that 4 *x is an infinite
branch through S for some x € H®. Find n€ w with 1 € G,. Let k e w
be such that kNX; # @ for ien. Put 1=xlk and n; =minX; for ien.
If t(n;,) # e for some iy € n, notice that x|X;, is an infinite branch through
T, with (x|X;,)(0) # e which contradicts the inductive assumption. Thus we
can assume that 7(n;) = e for all i € n. Then, since the R;’s are group trees,
h*t = 0-[le.(hi x 7;) for some ¢ € G, x H* with o(n;) = e and some
hi * T; € R; N H**! | By the definition of R;, k; = 7;(n;) = ©(n;) = e. Thus
h = a(0) € G, , a contradiction.

Lemma 11. Let (H,) be a sequence of countable groups. Then (H,) admits
group trees of arbitrary height if either of the following conditions holds.

(i) There exists a sequence ny < ny < --- such that (H,,) admits group trees
of arbitrary height.

(ii) For each n, G, is a homomorphic image of a subgroup of H,, and (G,)
admits group trees of arbitrary height.
Proof. (i) Let T be a group tree on (H,,). Define T a group tree on (H,) as
follows:

6T iff o|X €T and g|(w\X) = é](w\X)

where X = {n;: k € w}. Then ht(T) > ht(T).
(ii) Fix H, < H, and suxjec_t_ive homomorphisms ¢,: H, — G,. Let T be
a group tree on (G,). Define T a group tree on (H,) as follows:

6 €T iff Vk<lho (a(k)e€ H, and (¢o(6(0)), ..., ¢x(a(k))) € T).
Then ht(T) > ht(T).

Lemma 12. Let (H,) be a sequence of countable abelian groups. Then (H,)
does not admit group trees of arbitrary height iff H, is torsion for all but finitely
many n, and for each prime p, for all but finitely many n the p-component of
H, is of the form F x Z(p>™), where F is a finite p-group, k € .

Proof. The implication < follows from Lemmas 8 and 9. To see =, assume
the conclusion does not hold. Then either there exist infinitely many » such
that H, contains an isomorphic copy of Z or, by Lemma 9, there exist a
prime p and infinitely many # such that a subgroup of H, can be mapped
homomorphically onto &, Z(p). Thus, by Lemma 11, it is enough to show
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that (H,), where H, = Z for each n or H, = @,Z(p) for each n, admits
group trees of arbitrary height.

By Lemma 10, it suffices to prove that Z and @, Z(p) are manageable. For
Z,put G =(2"), G. =(3"). Define ¢p: ZxZ —Z by ¢(m,l)=m+1. For
®., Z(p), fix an infinite independent set {e;: i € w} generating @, Z(p) . Find
a decreasing sequence of nonempty sets X, C w, n € w, such that N, ., X, =
2. Put G = ({e;:i € X,}) and G! = {e}. Fix a function f: w — @ so
that, forany n, m € o, f~!(m)n X, # @. Define ¢': @,Z(p) » D, Z(p)
to be the unique homomorphism extending ¢'(e;) = es;). Let ¢: @, Z(p) x
@, Z(p) — D, Z(p) be the composition of the projection to the first coordinate
with ¢'.
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